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If H is self-adjoint and spectrally singular with respect to Lebesgue measure, then 
there exists a self-adjoint V of arbitrarily small trace norm such that H + V has pure 
point spectrum. If the multiplicity of H does not exceed r, then V may be chosen 
of rank r. ‘1 1990 Academic Press. Inc 
A classic theorem of Weyl and von Neumann states that given any 
bounded self-adjoint operator H, there is a self-adjoint operator V of 
arbitrarily small Hilbert-Schmidt norm such that H + V has pure point 
spectrum. Kuroda later showed that V can be chosen arbitrarily small in 
any cross norm except the trace norm [3, p. 5231. The trace norm is 
excluded by the Kate-Rosenblum theorem which states that if V is trace 
class, the absolutely continuous parts of H and H+ V are unitarily 
equivalent [3, Chap. X]. However, if H is singular with respect to 
Lebesgue measure, Carey and Pincus [l] proved that there is an operator 
V of arbitrarily small truce norm with H + V pure point. 
Recently, as a consequence of a general theory of random compact 
perturbations of pure point operators, the author [2] proved that if the 
spectrum O(H) of H has zero Lebesgue measure, then H + V has pure point 
spectrum for “almost every compact perturbation.” The reader is referred 
to [Z] for a precise statement, but, in particular, the following is true: if V 
is compact and positive definite, and o(H) has measure zero, then H + /IV 
is pure point for a.e. b. Taking /3 small clearly yields the Carey-Pincus 
theorem in this case. This work is based on the paper [4] of Simon and 
Wolff on perturbations of rank one. 
It is the purpose of this note to show that the theory of [2,4] can be 
applied to the general problem of Carey and Pincus, and to extend their 
result by showing that for operators H of finite multiplicity, V can be 
chosen of finite rank. More precisely, we shall prove: 
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THEOREM 1 (Carey and Pincus Cl]). Let H be a bounded, selfadjoint 
operator on a separable Hilbert space ~9, with spectral measure singular with 
respect to Lebesgue measure. Then there exists a selfadjoint trace class 
operator V such that H + V is pure point. The trace norm of V can be chosen 
arbitrarily small. 
THEOREM 2. If in addition, H has finite spectral multiplicity which 
nowhere exceeds r, then V may be chosen qf rank r. 
Remarks. (1) Since H + V= H on the orthogonal complement of the 
cyclic subspace & of H generated by the range of V, and since the restric- 
tion of H to JG! has multiplicity no more than the rank of V, a singular 
continuous spectrum of multiplicity greater than r cannot be removed by 
a perturbation of rank r. So Theorem 2 is optimal in this respect. 
(2) As remarked in the proof, for infinite multiplicity the eigenvalues 
of V can be chosen to decay as rapidly as desired, and in fact, can be 
“almost any sequence.” 
(3) It has been pointed out to the author by C. E. Wayne that 
von Neumann’s proof of the Weyl-von Neumann Theorem [3] can be 
adapted to yield a proof of the Carey-Pincus result. However, Theorem 2 
does not seem to follow in this manner. 
(4) Since the proof will be reduced to the rank one case, the results 
of Simon and Wolff suffice for the proof. 
For any set S, S” is its complement and m(S) its Lebesgue measure. The 
letters “a.e.” refer to Lebesgue measure; “p-a.e.” refers to the measure p. 
LEMMA. Let p be a singular continuous probability measure on [0, 11. 
Then there exists a measure ji on [0, l] such that (a) u and /3 are mutually 
absolutely continuous and (b) 
s 
’ (E.--t)-‘fi(dt)<co 
0 
for (Lebesgue) a.e. i. 
Proof: First note that p is supported by a disjoint union C, u CZ u ... 
of Cantor (closed, nowhere dense and perfect) sets, of Lebesgue measure 
zero. For if N is a set of Lebesgue measure zero, supporting p, then by 
regularity there is a closed subset C of N with p(Nm C) <E. C is nowhere 
dense, since C is closed and of measure zero, and any isolated points can 
be dropped because p is continuous. Proceeding by exhaustion gives 
c, , C2) . . . . 
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Let G, = (C, u . u C,,)“. Then G,, is open, with Lebesgue measure 1, 
and G, J G. Choose a compact subset K,, of G,, with 
NC,, - K,,) < l/2”. 
Then 
m(lim sup K,,) = m(G) = 1 
The function 
is continuous on C;;, and hence on G,. Choose u,, > 0 so that 
a, sup(FJ13): 2 E K,,] < l/2”. 
Then 
C aiF, d 1 - l/2” < 1 
,= I 
for R E K,,. If i E K,, infinitely often, i.e., 13 E lim sup K,,, then 
i: u,F,(i.) < 1 
,= I 
for infinitely many n’s Hence for 1, E lim sup K,,, 
F(2) = i aiF, 1. 
,=I 
But 
F(l)=j’ (iL-r)-‘fi(dt), 
0 
where 
F(S)= f a,p(Sn c,,. 
,=l 
Since clearly p(S) = 0 iff b(S) = 0, the proof is complete. 
Proof of Theorem 1 and 2. Assume, with no loss of generality, that H 
is purely singular continuous, and that a(H) is contained in [0, 11. If r is 
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the maximum multiplicity of H, then H decomposes into the direct sum of r 
multiplications H, by A on spaces L*( [0, 11, II,) with 1, purely singular 
continuous. It therefore suffices to prove Theorem 2 in the case r = 1; that 
is, if H is multiplication by 1, on L,( [IO, 11,~) with p singular continuous, 
then there is a vector cp such that 
is pure point for a.e. /I. For then one can take 
v= i PjC.9 cP,> 'Pj 
j= I 
with /?, chosen arbitrarily close to zero, so that 11 VII, = 1, ljjjl < E. (Note, in 
fact, that the eigenvalues of I/ may be chosen to decay as rapidly as 
desired, or to do more or less what one likes.) 
Now according to [4, Theorem 21 or [2, Theorem 2.71, H(b) will be 
pure point a.e. if cp is H-cyclic and 
((H-A-*q,v)=[’ (t-j~)~21q(t)~2p(dt) 
0 
is finite for a.e. i. Choose ji as in the lemma, and let 
v(t) = 2 (f) 
L- I 
I,2 
. 
The vector cp is H-cyclic since cp( t) > 0 p-a.e. 1 
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